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a b s t r a c t
In the present paper inhomogeneous bi-anisotropic materials characterized by matrices
of electric permittivity, magnetic permeability and magnetoelectric characteristics are
considered. All elements of these matrices are functions of the position in three
dimensional space. The time-dependentMaxwell’s equations describe the electromagnetic
wave propagation in these materials. Maxwell’s equations together with zero initial data
are analyzed and a statement of the initial value problem (IVP) is formulated. This IVP
is reduced to the IVP for a symmetric hyperbolic system of partial differential equations
of the first order. Applying the theory of a symmetric hyperbolic system, new existence,
uniqueness and stability estimate theorems have been obtained for the IVP of Maxwell’s
equations in inhomogeneous bi-anisotropic materials.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Bi-anisotropic materials (BAMs) have been predicted by Landau and Lifshitz [1] and Dzyaloshinskii [2] in their
theoretical study. The magnetic properties of BAMs can change by application of external electric fields and their dielectric
characteristics by magnetic fields. These materials could potentially be used for fabricating devices that include sensors,
actuators and data storage [3]. Although the comprehension of the mechanisms that favor the interaction between
electric and magnetic fields is not yet absolutely established, there is a great interest in the study of electromagnetic
wave propagations in BAMs. In the past decade, some significant research progress has been achieved concerning the
electromagnetic fields and potential applications of BAMs. For instance, the dyadic Green’s functions for source radiation and
wave propagation in homogeneous BAMs have been studied in [4,5]. Plane wave propagations in homogeneous BAMs have
been treated in [6]. The electromagnetic scattering of various homogeneous bi-anisotropic objects has been examined in
[6,7]. The initial boundary value problems for the time-dependent Maxwell’s equations in inhomogeneous chiral bi-
anisotropic materials with periodic micro-structures have been studied in [8] by modification of the multi-scale
homogenization technique. The existence and uniqueness theorems for the considered initial value problem have been
proved in [8].
We note that the study of the Maxwell’s equations as a symmetric hyperbolic system has been applied before for
particular cases. Let us mention some of them. Using the properties of the symmetric hyperbolic system, the energy
inequality and some numerical methods for solving Maxwell’s equations in isotropic media have been described in
[9,10]. The time-dependent Maxwell’s equations in electrically and magnetically anisotropic homogeneous media and
homogeneous bi-anisotropic materials have been considered as a symmetric hyperbolic system with constant coefficients
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in [11,12] and the computation of the fundamental solution of Maxwell’s equations has been implemented in MATLAB.
In [11] a computer simulation of the electromagnetic radiation in homogeneous bi-anisotropic materials arising from the
polarized pulse currents has beenmade. The various shapes of the electric andmagneticwave fronts arising in homogeneous
electrically andmagnetically anisotropicmedia andhomogeneous bi-anisotropicmaterials frompolarized dipoles have been
visualized in [11,12] with the time scale in nanoseconds because the local speeds of the electromagnetic waves in these
materials are comparable with the velocity of light.
The theoretical study of general inhomogeneous BAMs by the time dependent Maxwell’s equations has not been
achieved so far. For example, the study of existence, uniqueness and stability estimate for the solution of the initial
value problem for the time-dependent Maxwell’s equations in inhomogeneous BAMs with general structures of anisotropy
is not known. The complexity of Maxwell’s equations in inhomogeneous BAMs with general structures of anisotropy
depends on the complexity of the constitutive relations for the electric and magnetic fluxes. The electric and magnetic
fluxes in inhomogeneous BAMs are governed by constitutive relations containing matrices of permittivity, permeability
and magnetoelectric characteristics whose elements are functions of the position in the three dimensional space. These
constitutive relations are more complicated than the ones for ordinary isotropic or anisotropic materials.
Themotivation of our study is to state correctly the initial value problem (IVP) of the time dependentMaxwell’s equations
for inhomogeneous BAMs and to prove its correctness: existence, uniqueness and stability estimate of the solution.
In the present paper inhomogeneous BAMs characterized by matrices of electric permittivity, magnetic permeability
and magnetoelectric characteristics are considered. The elements of these matrices are functions of the space variables.
Maxwell’s equations describe the electromagnetic wave propagation in these materials. Maxwell’s equations together with
zero initial data are analyzed and a statement of the IVP is formulated. This IVP is reduced to the IVP for a symmetric
hyperbolic system of partial differential equations of the first order with function coefficients. Applying the theory of a
symmetric hyperbolic system (see, for example, [13]), new existence, uniqueness and stability estimate theorems have been
obtained for the IVP of Maxwell’s equations in inhomogeneous BAMs.
2. The time-dependent Maxwell’s equations in BAMs: assumptions and the IVP
2.1. Maxwell’s equations in inhomogeneous BAMs
The electromagnetic wave propagation in BAMs is governed by Maxwell’s equations (see, for example, [14]):
curlxH⃗ = ∂D⃗
∂t
+ J⃗, curlxE⃗ = −∂ B⃗
∂t
, (1)
divx(D⃗) = ρ, divx(B⃗) = 0, (2)
where E⃗ = (E1, E2, E3), H⃗ = (H1,H2,H3) are the electric and magnetic fields, D⃗ = (D1,D2,D3) is the electric displacement,
B⃗ = (B1, B2, B3) is the magnetic flux density, J⃗ = ( J1, J2, J3) is the electric current density, and ρ is the density of electric
charge. The components of the vector functions E⃗, H⃗ , D⃗, B⃗, J⃗ and ρ are real valued functions of the position x = (x1, x2, x3)
from R3 and the time t from R. Taking the divergence of the first equation of (1) and using the first equation of (2) we find
the conservation law for the electric charge and current density:
∂ρ
∂t
+ divx J⃗ = 0. (3)
We assume that J⃗ and ρ satisfy this conservation law. The properties of BAMs are constituted by the constitutive relations
in the following form (see, for example, [14]):
D⃗ = ¯¯εE⃗ + ¯¯ξ H⃗, B⃗ = ¯¯ηE⃗ + ¯¯µH⃗, (4)
where ¯¯ε = (εkm)3×3, ¯¯µ = (µkm)3×3, ¯¯ξ = (ξkm)3×3, ¯¯η = (ηkm)3×3 are the matrices of electric permittivity, magnetic
permeability andmagnetoelectric tensors respectively. Here ¯¯ξ and ¯¯η are not identically zero for BAMs. If there is no coupling
between the electric and magnetic fields, i.e., when ¯¯ξ = ¯¯η = 0, the material is anisotropic. If ¯¯ξ = ¯¯η = 0, ¯¯ε = ε0I and¯¯µ = µ0I, where I is the identity 3× 3 matrix and ε0 > 0,µ0 > 0 are constants, the material is isotropic. If all elements of ¯¯ε,
¯¯µ, ¯¯ξ , ¯¯η are constants then the BAM is said to be homogeneous, and if some of them are functions depending on the position
x = (x1, x2, x3) then the BAM is said to be inhomogeneous.
2.2. Notations, assumptions and statement of the initial value problem (IVP)
Letm be a nonnegative integer, thenBm(R3) is the space of functions having continuous and bounded partial derivatives
with respect to x = (x1, x2, x3) ∈ R3 up to order m; L2(R3) is the space of the square-integrable functions, i.e., f (x) ∈
L2(R3) when f (x) is a real valued measurable function of x = (x1, x2, x3) ∈ R3 satisfying

R3 f
2(x)dx < ∞. We take
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∥f ∥2 = R3 f 2(x)dx as the norm. The spaceHm(R3) contains all functions having all derivatives of order up to m belonging
to L2(R3), where ‘derivatives’ mean derivatives in the sense of the distribution. The following norm is taken in Hm(R3):
∥f ∥2 =|α|≤m ∥Dα f ∥2, where α = (α1, α2, α3), Dα f = Dα1x1 Dα2x2 Dα3x3 f . C([0,∞);Hm(R3)) is the class of all mappings which
are continuous in t for t ∈ [0,∞) and of the form t → u(x, t) ∈ Hm(R3). C1([0,∞);Hm(R3)) is the class of all mappings
belonging to C([0,∞);Hm(R3))which are continuously differentiable in t for t ∈ [0,∞).
Assumption A. All elements of matrices ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η are functions which belong to B2(R3); ¯¯ε and ¯¯µ are symmetric; ¯¯η = ¯¯ξ T ,
where ¯¯ξ T is the transpose of ¯¯ξ ; there exists a positive number a0 such that v⃗T ¯¯A0v⃗ ≥ a0|v⃗|2 for any vector v⃗ from R6 and any
x = (x1, x2, x3) ∈ R3. Here the 6× 6 matrix ¯¯A0 is defined as follows:
¯¯A0 =
 ¯¯ε ¯¯ξ
¯¯
ξ T ¯¯µ

. (5)
Remark 1. The elements of the four constitutivematrices ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η in (4) form a set of all characteristics of the considered bi-
anisotropic material. The complete classification of the bi-anisotropic materials is described in [15] and contains 23 classes.
The bi-anisotropic materials of 11 classes satisfy the symmetry property ¯¯A0 = ¯¯A
T
0 . The study of our paper is related to
bi-anisotropic materials of these 11 classes.
Assumption B. Components of the given vector function J⃗(x, t) = ( J1(x, t), J2(x, t), J3(x, t)) belong to C([0,∞);H2(R3)).
Assumption C. The function ρ(x, t) from C1([0,∞);H1(R3)) satisfies the condition ρ(x, 0) = 0 and equality (3).
Remark 2. Equality (3) is a necessary condition that the pair of vector functions E⃗, H⃗ with components from
C([0,∞);H2(R3)) ∩ C1([0,∞);H1(R3)) is a solution of Maxwell’s equations (1) and (2).
In our paper we consider Maxwell’s equations (1) and (2) with initial data
E⃗(x, 0) = 0, H⃗(x, 0) = 0. (6)
Remark 3. Under Assumptions A–C Eqs. (1) with initial data (6) imply (2) for any vector functions E⃗, H⃗ with components
from C([0,∞);H2(R3)) ∩ C1([0,∞);H1(R3)).
IVP 1. Let ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η be given matrices and J⃗ be a given vector function such that Assumptions A and B are satisfied.
Find vector functions E⃗, H⃗ with components from C([0,∞);H2(R3)) ∩ C1([0,∞);H1(R3)) satisfying Eqs. (1) and initial
data (6).
Remark 4. Let ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η be given matrices and J⃗ be a given vector function such that Assumptions A–C are satisfied and E⃗,
H⃗ be a solution of IVP 1; then, using Remark 2, we find that E⃗, H⃗ satisfy Maxwell’s equations (1) and (2) with initial data (6).
3. Reduction of IVP 1 to the IVP for a symmetric hyperbolic system
Eqs. (1) with initial data (6) can be written in the form of an initial value problem for one vector equation:
¯¯A0 ∂U⃗(x, t)
∂t
=
3
j=1
¯¯Aj ∂U⃗(x, t)
∂xj
+ F⃗(x, t), U⃗(x, t)

t=0
= 0, (7)
where U⃗(x, t) and F⃗(x, t) are vector columns with six components E1(x, t), E2(x, t), E3(x, t), H1(x, t), H2(x, t), H3(x, t) and
−J1(x, t),−J2(x, t),−J3(x, t), 0, 0, 0, respectively; ¯¯A0 is the 6× 6matrix defined by (5) and ¯¯Aj, j = 1, 2, 3, are matrices of the
order 6× 6 defined by
¯¯Aj =

03×3 ¯¯Bj
( ¯¯Bj)T 03×3

, (8)
where 03×3 is the 3× 3 zero matrix, ( ¯¯Bj)T is the matrix transpose to ¯¯Bj;
¯¯B1 =
0 0 0
0 0 −1
0 1 0

, ¯¯B2 =
 0 0 1
0 0 0
−1 0 0

, ¯¯B3 =
0 −1 0
1 0 0
0 0 0

.
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We note that ¯¯A0(x) is the real symmetric positive definite matrix depending on x = (x1, x2, x3) from R3. Usingmatrix theory
(see, for example, [16]), we find that there exists a real symmetric positive definite matrix ¯¯A0
−1/2
(x) such that
¯¯A0
−1/2
(x) ¯¯A0
−1/2
(x) = ¯¯A0
−1
(x), ¯¯A0
−1/2
(x) ¯¯A0(x) ¯¯A0
−1/2
(x) = ¯¯I, (9)
where ¯¯A0
−1
(x) is inverse to ¯¯A0(x) and ¯¯I is the identitymatrix.We find also that (see [16]) thematrices ¯¯A0
−1/2
(x) ¯¯Aj(x) ¯¯A0
−1/2
(x)
are real symmetric for real symmetric matrices ¯¯Aj(x) defined by (8). Moreover, the elements of the matrices
¯¯A0
−1/2
(x) ¯¯Aj(x) ¯¯A0
−1/2
(x) belong to B2(R3) for ¯¯A0(x) of the form (5) under Assumption A. We find a solution of (7) in the
form
U⃗(x, t) = ¯¯A0
−1/2
(x)V⃗ (x, t), (10)
where ¯¯A0
−1/2
(x) is the 6× 6 matrix satisfying (9) and V⃗ (x, t) is an unknown vector function with six components V1(x, t),
V2(x, t), . . . , V6(x, t). Substituting (10) into (7) and multiplying the obtained vector differential equation by ¯¯A0
−1/2
(x) and
using (9), we find
∂ V⃗ (x, t)
∂t
=
3
j=1
¯¯Pj(x) ∂ V⃗ (x, t)
∂xj
+ ¯¯R(x)V⃗ (x, t)+ G⃗(x, t), (11)
V⃗ (x, t)

t=0
= 0, (12)
where the matrix ¯¯R(x), symmetric matrices ¯¯Pj(x), j = 1, 2, 3, and G⃗(x, t) are defined by
¯¯Pj(x) = ¯¯A0
−1/2
(x) ¯¯Aj(x) ¯¯A0
−1/2
(x), ¯¯R(x) = ¯¯A0
−1/2
(x)
3
j=1
∂
∂xj
¯¯A0
−1/2
(x),
G⃗(x, t) = ¯¯A0
−1/2
(x)F⃗(x, t).
We note that the elements of the matrices ¯¯Pj(x), j = 1, 2, 3 belong toB2(R3), ¯¯R(x) ∈ B2(R3), and the components of G⃗(x, t)
belong to C([0,∞);H2(R3)).
4. Existence, uniqueness and energy inequality for the solution of IVP 1
The existence, uniqueness and energy inequality for the solution of IVP (11) and (12) for given G⃗(x, t), ¯¯R(x), ¯¯Pj(x),
j = 1, 2, 3, have been studied in the book [13] (see chapter 6). Using Theorems 6.2–6.4 from [13] and returning back to
the original IVP 1 we obtain the following theorems.
Theorem 1. Let ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η be given matrices, and J⃗ be a vector function satisfying Assumptions A and B. Then there exists a unique
pair of vector functions E⃗, H⃗ with components from C([0,∞);H2(R3)) ∩ C1([0,∞);H1(R3)) which are a solution of IVP 1.
Theorem 2. Let T be a fixed positive number; ¯¯ε, ¯¯µ, ¯¯ξ , ¯¯η be given matrices, and J⃗ be a vector function satisfying Assumptions A
and B. Then the solution E⃗, H⃗ with components from C([0,∞);H2(R3)) ∩ C1([0,∞);H1(R3)) satisfies for 0 ≤ t ≤ T the
following energy estimate:
∥E⃗∥21(t)+ ∥H⃗∥21(t)
1/2 ≤ Υ  t
0
exp (Υ (t − s)) ∥J⃗∥1(s)ds. (13)
Here the norm ∥ · ∥1 is defined by
∥E⃗∥21(t) =
3
j=1

R3
|Ej(x, t)|2dx+
3
k=1

R3
 ∂∂xk Ej(x, t)
2 dx

;
Υ is a real positive number which depends on T , a0, a1, where the real positive number a0 is defined in Assumption A; a1 is a real
positive number majorizing the absolute values of all elements of matrices ¯¯A0
−1/2
(x), ∂
∂xj
¯¯A0
−1/2
(x), ∂
2
∂xj∂xk
¯¯A0
−1/2
(x), j = 1, 2, 3;
k = 1, 2, 3, for any x = (x1, x2, x3) from R3.
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5. Conclusions
In the present paper the time-dependent Maxwell’s equations together with zero initial data have been considered
in inhomogeneous bi-anisotropic materials characterized by matrices of electric permittivity, magnetic permeability and
magnetoelectric characteristics. The elements of these matrices are functions of x = (x1, x2, x3) ∈ R3 satisfying
Assumption A. We note that many bi-anisotropic materials satisfy the symmetry properties of Assumption A (see, for
example, the classification of bi-anisotropic materials in [15]).
A correct statement of the IVP of Maxwell’s equations for these types of bi-anisotropic material has been formulated.
This IVP has been reduced to the IVP for a symmetric hyperbolic system of partial differential equations of the first order.
Applying the theory of symmetric hyperbolic systems, new existence, uniqueness and stability estimate theorems have been
obtained for the IVP of Maxwell’s equations in inhomogeneous bi-anisotropic materials with characteristics and data which
satisfy Assumptions A–C.
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